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Abstract
Dual frames are very useful tools to reconstruct a function and have been explored in many different aspects. In this paper,
we give the conditions under which a class of special weighted irregular wavelet frames could have a dual generator with a very
explicit form. We also prove that when the irregular translations are changed in some admissible range, the reconstruction formula
has a very small perturbation. An example is given to show the use of our main results.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Weighted tight frames; Weighted irregular wavelet frames; Dual frames; Dual generator
1. Introduction
A system of elements {fn}n∈Λ in a Hilbert spaceH is called a frame forH if there are two positive numbers A and
B such that for any f ∈H,
A‖f ‖2 
∑
n∈Λ
∣∣〈f,fn〉∣∣2  B‖f ‖2. (1.1)
The numbers A and B are called the lower frame bound and the upper frame bound, respectively. When A = B ,
{fn}n∈Λ is called a tight frame for H with bound A, and any element f ∈H has the expansion
f = 1
A
∑
n∈Λ
〈f,fn〉fn.
If at least the upper frame condition in (1.1) is satisfied, {fn}n∈Λ is called a Bessel sequence in H with bound B .
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f =
∑
n∈λ
〈f, f˜n〉fn, f ∈H,
then we call {f˜n}n∈Λ a dual frame for {fn}n∈Λ. We refer to [5] for more details about frame theory.
For a given frame, to expand any element through it, we need to find its dual frame, and hope that it has an explicit
(not abstract) and easy representation. For regular wavelet frames, there are already several known results on the dual
frames (see [8,10,14,20]). For Gabor frames, in [3], Benedetto and Wulnut gave a way to write the dual generator
directly; in [4], Christensen found that under some special conditions, the dual generator can be constructed by a finite
combination of the translations of some L2(R) function, which makes the dual pair of frames more applicable.
In this paper, we focus on weighted irregular wavelet frames, a class of more flexible systems. We aim to find some
conditions under which the dual (irregular) wavelet frames have an explicit and easy form. So far as we know, there
are few results on it. We also prove that when the perturbation of the irregular translations are uniformly small, the
corresponding frame expansion has some stability. This is useful in practice. We also refer to [6,7,9,19] for some other
frame perturbation results.
We start by giving an example relevant to the regular case.
Throughout this paper, the Fourier transform fˆ of f ∈ L2(R) is defined by fˆ (ω) = limN→∞
∫ N
−N f (x)e
−i2πωx dx,
where the convergence is in L2(R). Let a > 1, b > 0 and ϕ ∈ L2(R). A frame for L2(R) with the form {a j2 ϕ(ajx −
kb)}j,k∈Z is called a regular wavelet frame, and any function ϕ˜ ∈ L2(R) satisfying that {a j2 ϕ˜(aj x − kb)}j,k∈Z is
its dual frame is called a dual generator. In [8], Chui and Shi gave the following characterization of all such dual
generators. The readers can also see [15,17] for more general results.
Proposition 1.1. [8, Theorem 2] Let ϕ, ϕ˜ ∈ L2(R). Suppose that {a j2 ϕ(ajx − kb)}j,k∈Z and {a j2 ϕ˜(aj x − kb)}j,k∈Z
are Bessel sequences in L2(R). Then these two sequences form a dual pair of frames if and only if
1
b
∑
(j,k)∈Ia(α)
ϕˆ(ajω) ˆ˜ϕ
(
ajω + k
b
)
= δα,0, a.e., (1.2)
where α runs over all a-adic numbers, δα,0 denotes the Kronecker symbol and Ia(α) := {(j, k) ∈ Z2: kaj = α}.
Using Proposition 1.1, one can easily check the following example.
Example 1.1. Let a > 1, b > 0. Let ϕ ∈ L2(R) be a function satisfying
ϕˆ
(
ω + k
b
)
ϕˆ(ω) = 0, a.e., k ∈ Z \ {0}. (1.3)
If {a j2 ϕ(ajx − kb)}j,k∈Z is a frame for L2(R), then we could explicitly write its dual frame as {a j2 ϕ˜(aj x − kb)}j,k∈Z,
where the function ϕ˜ is given by
ˆ˜ϕ(ω) = bϕˆ(ω)∑
j∈Z |ϕˆ(ajω)|2
. (1.4)
We see from this example that even if the Fourier transform of the function ϕ satisfying (1.3) has an infinite support,
that support almost concentrates in some finite interval. Thus our main results on irregular wavelet systems will be
based on the assumption that ϕ is bandlimited.
Let N be a fixed positive integer. The composite dilation sequence {sj }j∈Z is defined by
spN+q = apsq, p ∈ Z, q = 0,1, . . . ,N − 1,
where a > 1 and 0 < s0 < s1 < · · · < sN−1.
Note that the above choice of composite dilations is a special case in [12].
Without further mentions, let I = [− r2 , r2 ] for a fixed r > 0.
Now we describe the irregular wavelet system which will be studied in this paper. For that, we need the following
result which is due to J.P. Gabardo.
358 Z. Shang, X. Zhou / Appl. Comput. Harmon. Anal. 22 (2007) 356–367Proposition 1.2. [11, Theorem 7.5] Let P and Q be real polynomials with no common factors, and the ratio of P and
Q admits the following representation:
P(z)
Q(z)
= α0 + β0z +
m∑
j=1
βj
σj − z , Im z > 0, (1.5)
where α0, σ1, . . . , σm ∈ R, σk 	= σl for k 	= l, βj  0 for j = 0, . . . ,m, and exactly one of {βj }mj=0 is zero. Define
ξ(x) := 1
π
(
Q′(x)P (x) − Q(x)P ′(x)
P 2(x) + Q2(x)
)
. (1.6)
Then the real zero sequence {bk}k∈Z of the function P(z) cosπrz + Q(z) sinπrz is discrete, the numbers {ck}k∈Z
defined by
ck =
[
r − ξ(bk)
]−1
, k ∈ Z, (1.7)
are positive, and the system
Ek(x) = c
1
2
k e
i2πbkx, k ∈ Z, (1.8)
is a weighted tight frame for L2(I ) with bound one.
Proposition 1.2 provides us a very useful tool to produce a tight exponential frame for L2(I ). For other kinds of
exponential frames (including higher dimension), see also [1, Section 4] and [2,13,18].
From now on, we let the sequences {bk}k∈Z and {ck}k∈Z be chosen as in Proposition 1.2. Hence {Ek(x)}k∈Z defined
by (1.8) is a tight exponential frame for L2(I ) with bound one and any function f ∈ L2(I ) admits the expansion
f (x) =
∑
k∈Z
ckfˆ (bk)e
−i2πbkx.
For ϕ, ϕ˜ ∈ L2(R) and j, k ∈ Z, we denote
ϕj,k(x) =
(
cks
−1
j
) 1
2 ϕ
(
s−1j x − bk
)
, ϕ˜j,k(x) =
(
cks
−1
j
) 1
2 ϕ˜
(
s−1j x − bk
)
. (1.9)
Any function ϕ˜ ∈ L2(R) satisfying that {ϕ˜j,k}j,k∈Z is a dual frame for {ϕj,k}j,k∈Z is called a dual generator.
This paper is organized as follows. In Section 2, we will give some conditions on the function ϕ ∈ L2(R) for the
dual generator ϕ˜ to be constructed with a rather explicit and easy form. In Section 3, we discuss whether the dual
frames obtained in Section 2 can be canonical. In Section 4, we prove a perturbation result for general dual pairs of
weighted irregular wavelet frames.
2. Representation of dual generators
Before stating our main theorems, we need some preliminary results.
Let the polynomials P and Q be chosen as in Proposition 1.2 and ξ(x) be defined by (1.6) such that {bk}k∈Z
constitutes the real zero set of P(z) cosπrz + Q(z) sinπrz and ck satisfies (1.7) for k ∈ Z. Then the following result
hold.
Lemma 2.1. (i) M := supx∈Z |ξ(x)| < ∞.
(ii) 1
M+r  infk∈Z ck  supk∈Z ck 
1
r
.
Proof. Since P , Q both have real coefficients, we have that
deg(Q′P − QP ′) < deg(P 2 + Q2),
and hence lim|x|→∞ ξ(x) = 0.
Observe that P 2 + Q2 never vanishes on R since P and Q have no common factors, so ξ is bounded on R.
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the conclusion. 
On the other hand, one can check that parts of the proof of [22, Theorem 1] work for the following result.
Lemma 2.2. If {λ−
1
2
j ϕ(λ
−1
j x − μk)}j,k∈Z is a Bessel sequence in L2(R) with bound B ∈ (0,∞), where ϕ ∈ L2(R),
λj > 0 for j ∈ Z and {ei2πμkx}k∈Z is a frame for L2(I ) with lower bound Ar > 0, then∑
j∈Z
∣∣ϕˆ(λjω)∣∣2  B
Ar
, a.e.
Since by Lemma 2.1, {ck}k∈Z is bounded below by 1M+r , where M := supx∈Z |ξ(x)|, the system {ei2πbkx}k∈Z is a
frame for L2(I ) with bounds M + r and r . Thus we have the following trivial extension of Lemma 2.2.
Corollary 2.3. If {(ckλ−1j )
1
2 ϕ(λ−1j x − bk)}j,k∈Z is a Bessel sequence in L2(R) with bound B ∈ (0,∞), where ϕ ∈
L2(R), λj > 0 for j ∈ Z, then∑
j∈Z
∣∣ϕˆ(λjω)∣∣2  B(M + r)
r
, a.e. (2.1)
The following is a converse result of Lemma 2.2. Also, it is a special case of the Bessel sequence version of [1,
Theorem 3.1]. In order to make this paper more readable, we give its proof.
Lemma 2.4. Suppose that λj > 0, dk > 0, μk ∈ R for j, k ∈ Z and ϕ ∈ L2(R) with supp ϕˆ ⊂ I . If {d
1
2
k e
i2πμkx}k∈Z
forms a Bessel sequence in L2(I ) with bound B > 0 and∑
j∈Z
∣∣ϕˆ(λjω)∣∣2 A, a.e.,
then the sequence of functions {(dkλ−1j )
1
2 ϕ(λ−1j x − μk)}j,k∈Z is a Bessel sequence in L2(R) with bound AB .
Proof. Put (Tj,kϕ)(x) = (dkλ−1j )
1
2 ϕ(λ−1j x − μk), j, k ∈ Z. It can be checked that T̂j,kϕ(ω) = (dkλj )
1
2 ϕˆ(λjω) ×
e−i2πλjμkω , j, k ∈ Z.
Note that for every function f ∈ L2(R), the function fˆ ( ω
λj
)ϕˆ(ω) ∈ L2(I ), j ∈ Z, then we have
∑
j∈Z
∑
k∈Z
∣∣〈f,Tj,kϕ〉∣∣2 =∑
j∈Z
∑
k∈Z
∣∣〈fˆ , T̂j,kϕ〉∣∣2 =∑
j∈Z
∑
k∈Z
dkλj
∣∣∣∣∣
∫
R
fˆ (ω)ϕˆ(λjω)e
−i2πλjμkω dω
∣∣∣∣∣
2
=
∑
j∈Z
∑
k∈Z
λ−1j
∣∣∣∣∣
r
2∫
− r2
fˆ
(
ω
λj
)
ϕˆ(ω)d
1
2
k e
−i2πμkω dω
∣∣∣∣∣
2

∑
j∈Z
λ−1j B
r
2∫
− r2
∣∣∣∣fˆ( ωλj
)
ϕˆ(ω)
∣∣∣∣2 dω
= B
∫
R
∣∣fˆ (ω)∣∣2∑
j∈Z
∣∣ϕˆ(λjω)∣∣2 dωAB‖f ‖22.
Hence the conclusion follows. 
The following characterization for general dual pair of frames is also useful.
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a dual pair of frames if and only if
〈f,f 〉 =
∑
n∈Λ
〈f,fn〉〈gn,f 〉, f ∈H.
We now prove the following characterization of dual generators for weighted irregular wavelet frames. The tech-
niques are developed from [10,20,22].
Theorem 2.6. Suppose λj > 0, j ∈ Z. Let ϕ, ϕ˜ ∈ L2(R) with supp ϕˆ ∪ supp ˆ˜ϕ ⊂ I satisfy that both ∑j∈Z |ϕˆ(λjω)|2
and
∑
j∈Z | ˆ˜ϕ(λjω)|2 are bounded on R. Then {(ckλ−1j )
1
2 ϕ(λ−1j x − bk)}j,k∈Z and {(ckλ−1j )
1
2 ϕ˜(λ−1j x − bk)}j,k∈Z form
a dual pair of frames for L2(R) if and only if∑
j∈Z
ϕˆ(λjω) ˆ˜ϕ(λjω) = 1, a.e., (2.2)
where bk and ck are defined in Proposition 1.2.
Remark 2.1. It is the different frequency domains of generators and the different choices of translations (note that the
translations in current paper are irregular) that make Theorem 2.6 only have one characterization equation (2.2), but
make Theorem 2 in [10] have countable characterization equations.
Proof. Let (Tj,kϕ)(x) = (ckλ−1j )
1
2 ϕ(λ−1j x−bk), for ϕ ∈ L2(R); by Lemma 2.4, {Tj,kϕ} and {Tj,kϕ˜} both form Bessel
sequences in L2(R). According to Lemma 2.5, we only need to prove that (2.2) is equivalent to that for any f ∈ L2(R),
‖f ‖2
L2(R) =
∑
j∈Z
∑
k∈Z
〈f,Tj,kϕ〉〈Tj,kϕ˜, f 〉. (2.3)
First, we prove that for every f ∈ L2(R),∑
j∈Z
∑
k∈Z
〈f,Tj,kϕ〉〈Tj,kϕ˜, f 〉 =
∫
R
∣∣fˆ (ω)∣∣2∑
j∈Z
ϕˆ(λjω) ˆ˜ϕ(λjω)dω. (2.4)
Note that for j ∈ Z, fˆ ( ω
λj
)ϕˆ(ω) and fˆ ( ω
λj
) ˆ˜ϕ(ω) both belong to L2(I ), hence following the steps in the proof of
Lemma 2.4, we have∑
j∈Z
∑
k∈Z
〈f,Tj,kϕ〉〈Tj,kϕ˜, f 〉 =
∑
j∈Z
∑
k∈Z
λ−1j
〈
fˆ (·/λj ) ˆ˜ϕ(·),Ek(·)
〉
L2(I )
〈
Ek(·), fˆ (·/λj )ϕˆ(·)
〉
L2(I ). (2.5)
Since {Ek}k∈Z is a tight frame for L2(I ) with bound one, (2.5) is equal to∑
j∈Z
λ−1j
〈
fˆ (·/λj ) ˆ˜ϕ(·), fˆ (·/λj )ϕˆ(·)
〉
L2(I ) =
∑
j∈Z
∫
R
∣∣fˆ (ω)∣∣2ϕˆ(λjω) ˆ˜ϕ(λjω)dω,
which proves (2.4). Thus (2.2) ⇒ (2.3) directly follows from (2.4).
Now assume that (2.3) holds. For any ω ∈ R and  > 0, let fˆ(ξ) = 1√2 χ[ω−,ω+](ξ), hence we have by (2.3) and
(2.4) that
1 = ‖f‖2L2(R) =
∑
j∈Z
∑
k∈Z
〈f,ϕj,k〉〈ϕ˜j,k, f〉
=
∫ ∣∣fˆ(ξ)∣∣2∑
j∈Z
ϕˆ(λj ξ) ˆ˜ϕ(λj ξ)dξ = 12
ω+∫ ∑
j∈Z
ϕˆ(λj ξ) ˆ˜ϕ(λj ξ)dξ.
R ω−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complement consists of the Lebesgue points of Δ(ξ). Therefore, for any ω ∈ R − E, letting  → 0 in (2.6), we
have ∑
j∈Z
ϕˆ(λjω) ˆ˜ϕ(λjω) = 1,
which proves (2.3) ⇒ (2.2). 
Next we state our main results.
Theorem 2.7. Suppose ϕ ∈ L2(R) with supp ϕˆ ⊂ I , and there are two positive numbers A,B such that
A
∑
p∈Z
∣∣ϕˆ(apω)∣∣2  B, a.e. (2.6)
Then ϕ and the function ϕ˜ defined by
ˆ˜ϕ(ω) = ϕˆ(ω)
N
∑
p∈Z |ϕˆ(apω)|2
(2.7)
generate a dual pair of frames {ϕj,k}j,k∈Z and {ϕ˜j,k}j,k∈Z for L2(R), where ϕj,k and {ϕ˜j,k} are defined as in (1.9).
Proof. Note that supp ˆ˜ϕ ⊂ I and
1
N2B

∑
p∈Z
∣∣ ˆ˜ϕ(apω)∣∣2  1
N2A
, a.e.,
then we have∑
j∈Z
∣∣ ˆ˜ϕ(sjω)∣∣2 = N−1∑
q=0
∑
p∈Z
∣∣ ˆ˜ϕ(apsqω)∣∣2  1
NA
, a.e.
Similarly, we have
∑
j∈Z |ϕˆ(sjω)|2 NB, a.e. Hence by Lemma 2.4, {ϕj,k} and {ϕ˜j,k} both form Bessel sequences
in L2(R).
Since∑
j∈Z
ϕˆ(sjω) ˆ˜ϕ(sjω) =
N−1∑
q=0
∑
p∈Z
ϕˆ
(
apsqω
) ˆ˜ϕ(apsqω)= N−1∑
q=0
∑
p∈Z
ϕˆ
(
apsqω
) ϕˆ(apsqω)
N
∑
n∈Z |ϕˆ(ansqω)|2
= 1,
by Theorem 2.6, {ϕj,k}j,k∈Z and {ϕ˜j,k}j,k∈Z form dual frames for L2(R). 
Theorem 2.8. Let n0 ∈ N, I0 = [− 12 r,− 12a−n0r] ∪ [ 12a−n0r, 12 r]. Suppose ϕ ∈ L2(R), ϕˆ is real-valued bounded on R
with supp ϕˆ ⊂ I0 and satisfies∑
l∈Z
ϕˆ
(
alω
)= 1√
N
, a.e. (2.8)
Then ϕ and the function ϕ˜ defined by
ϕ˜(x) = ϕ(x) + 2
n0−1∑
l=1
a−lϕ
(
a−lx
) (2.9)
generate a dual pair of frames {ϕj,k}j,k∈Z and {ϕ˜j,k}j,k∈Z for L2(R), where {ϕj,k} and {ϕ˜j,k} are defined as in (1.9).
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ˆ˜ϕ(ω) = ϕˆ(ω) + 2
n0−1∑
l=1
ϕˆ
(
alω
)
, (2.10)
so ˆ˜ϕ is real-valued bounded and supported in [ 12a−2n0+1r, 12 r] ∪ [− 12 r,− 12a−2n0+1r].
Let C = ess supω∈I0 |ϕˆ(ω)|2. If |ω| ∈ [ 12 r, 12ar], then for l ∈ Z with l  0 or l < −n0, both ϕˆ(alω) and ˆ˜ϕ(alω)
vanish, and hence
∑
l∈Z |ϕˆ(alω)|2 =
∑−1
l=−n0 |ϕˆ(alω)|2  n0C. Note that this is equivalent to
∑
l∈Z |ϕˆ(alω)|2 
n0C, a.e., therefore both
∑
j∈Z |ϕˆ(sjω)|2 and
∑
j∈Z | ˆ˜ϕ(sjω)|2 are bounded.
Now if |ω| ∈ [ 12 r, 12ar] such that (2.8) holds, then
1
N
=
(∑
l∈Z
ϕˆ
(
alω
))2 = ( −1∑
l=−n0
ϕˆ
(
alω
))2
= ϕˆ(a−n0ω)(ϕˆ(a−n0ω)+ 2ϕˆ(a−n0+1ω)+ · · · + 2ϕˆ(a−1ω))
+ ϕˆ(a−n0+1ω)(ϕˆ(a−n0+1ω)+ 2ϕˆ(a−n0+2ω)+ · · · + 2ϕˆ(a−1ω))+ · · · + ϕˆ(a−1ω)ϕˆ(a−1ω)
=
−1∑
l=−n0
ϕˆ
(
alω
) ˆ˜ϕ(alω)=∑
l∈Z
ϕˆ
(
alω
) ˆ˜ϕ(alω),
hence for any ω ∈ R,∑
l∈Z
ϕˆ
(
alω
) ˆ˜ϕ(alω)= 1
N
.
It follows that∑
j∈Z
ϕˆ
(
sjω
) ˆ˜ϕ(sjω)= N−1∑
q=0
∑
p∈Z
ϕˆ
(
apsqω
) ˆ˜ϕ(apsqω)= 1, a.e. (2.11)
By Theorem 2.6, the conclusion holds. 
Next, we give an example to show the use of Theorem 2.8. Also, it shows that we could choose such generator that
it possess some desirable properties.
Example 2.1. We construct a class of functions ϕ ∈ L2(R) satisfying the conditions of Theorem 2.8, where I0 =
[− 12 r,− 12 ra−2n0 ] ∪ [ 12 ra−2n0 , 12 r], and ϕˆ ∈ C∞(R).
First given any function θ(ω) ∈ C∞[ 12 ra−1, 12 r] with the following properties:
θ
(
1
2
ra−1
)
= π, θ
(
1
2
r
)
= π
2
, θ
(n)
+
(
1
2
ra−1
)
= θ(n)−
(
1
2
r
)
= 0, for any n ∈ N,
where θ(n)+ and θ
(n)
− denote the right and left derivatives of order n, respectively.
Then we extend the function θ(ω) to R as follows:
(i) θ(ω) = π2 for ω > 12 r and θ(ω) = (2n0+1)π2 for ω ∈ [0, 12 ra−2n0 ];
(ii) when ω ∈ [ 12 ra−(k+1), 12 ra−k], k = 1,2, . . . ,2n0 − 1, let
θ(ω) = θ(aω) + π
2
,
which means that the values θ(ω) for ω ∈ [ 12 ra−(k+1), 12 ra−k] are defined by the values θ(ω) for ω ∈ [ 12 ra−k,
1
2 ra
−(k−1)];
(iii) θ(−ω) = θ(ω) for each ω ∈ R.
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ϕˆ(ω) = 1
n0
√
N
cos2
[
θ(ω)
]
.
Then ϕˆ ∈ C∞(R) and, by (i) and (iii), supp ϕˆ ⊂ I0.
Fix any ω0 > 0. There exists a unique integer l0 such that 12 ra
−1 < a−l0ω0  12 r . Thus when l −l0 + 1, alω0 
a−l0+1ω0 > 12 r and ϕˆ(a
lω0) = 0; when l −l0 − 2n0, alω0  a−l0−2n0ω0  12 ra−2n0 and ϕˆ(alω0) = 0.
Therefore, we have∑
l∈Z
ϕˆ
(
alω0
)= −l0∑
l=−l0−2n0+1
ϕˆ
(
alω0
)= 1
n0
√
N
−l0∑
l=−l0−2n0+1
cos2
[
θ
(
alω0
)]
= 1
n0
√
N
n0−1∑
k=0
(
cos2
[
θ
(
a−(2k+1)a−l0ω0
)]+ cos2 [θ(a−2ka−l0ω0)])
= 1
n0
√
N
n0−1∑
k=0
(
sin2
[
θ
(
a−2ka−l0ω0
)]+ cos2 [θ(a−2ka−l0ω0)])= 1√
N
.
Thus the function ϕ satisfies all the conditions of Theorem 2.8, hence ϕ and ϕ˜ generate a dual pair of frames {ϕj,k}
and {ϕ˜j,k} for L2(R). Note that ϕ, ϕ˜ ∼ O
( 1
xn
)
for any n ∈ N.
3. Canonical dual frames
Let {fn}n∈Λ be a given frame for Hilbert space H, and S be its frame operator defined by
Sf =
∑
n∈Λ
〈f,fn〉fn, f ∈H.
By theory of frames, S is a self-adjoint operator and {S−1fn}n∈Λ is also a frame for H. This frame is called the
canonical dual frame for {fn}n∈Λ. If {ϕj,k}j,k∈Z is a frame for L2(R), ϕ ∈ L2(R), then any function ψ ∈ L2(R)
such that {ψj,k}j,k∈Z is its canonical dual frame is called a canonical dual generator for ϕ. One can check that in
Example 1.1, the function ϕ˜ defined as in (1.4) is a canonical dual generator.
It is well known that a Gabor frame generated by some function g ∈ L2(R) must have a canonical dual generator,
and it can be given by S−1g, where S denotes the frame operator. While this may not hold on wavelet frames (see
[16, p. 417] for counter examples). Naturally, one may be interested in that whether the dual frames obtained in the
previous section are canonical. Unfortunately, it is true for only a small group of the dual generators. Next we describe
the characteristics of the functions that could generate canonical dual frames of irregular wavelet type.
Suppose that ϕ, ϕ˜ ∈ L2(R), supp ϕˆ ⊂ I , such that {ϕj,k}j,k∈Z and {ϕ˜j,k}j,k∈Z form a canonical dual pair of frames
for L2(R). Thus, for j, k ∈ Z,
ϕj,k(x) =
∑
m∈Z
∑
n∈Z
〈ϕ˜j,k, ϕm,n〉ϕm,n(x). (3.1)
Taking the Fourier transform on both sides of (3.1), we get
ϕˆ(sjω)Ek(sjω) = (sj )− 12
∑
m∈Z
∑
n∈Z
〈̂˜ϕj,k, ϕ̂m,n〉ϕ̂m,n(ω)
=
∑
m∈Z
∑
n∈Z
sm
(∫
R
ˆ˜ϕ(sju)Ek(sju) ϕˆ(smu)En(smu)du
)
ϕˆ(smω)En(smω)
=
∑
m∈Z
∑
n∈Z
(∫
I
ˆ˜ϕ
(
sj
sm
u
)
Ek
(
sj
sm
u
)
ϕˆ(u)En(u)du
)
En(smω)ϕˆ(smω)
=
∑ ˆ˜ϕ(sjω)Ek(sjω)∣∣ϕˆ(smω)∣∣2.
m∈Z
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ˆ˜ϕ(sjω) = ϕˆ(sjω)∑
m∈Z |ϕˆ(smω)|2
, a.e.,
or equivalently,
ˆ˜ϕ(ω) = ϕˆ(ω)∑
m∈Z |ϕˆ( smsj ω)|2
, a.e. (3.2)
Generally, we need some additional conditions for (3.2) to hold. For example, if ∑p∈Z |ϕˆ(apω)|2 is a constant almost
everywhere, then (3.2) holds.
4. Perturbation of translations
In the previous sections, the sequence {bk}k∈Z is chosen to be the set of real zeros of some entire function. However,
unless in some special cases such as bk = kr , ck = 1r , k ∈ Z, which reduces to the system {Ek}k∈Z defined by (1.8) to an
orthonormal basis for L2(I ), we cannot solve those zeros exactly, and all we can do is to use the approximative ones
to replace them. In this section, we consider a more practical problem: if the approximative zeros are close enough to
the theoretical zeros, whether or not we could use them to reconstruct a given function? Of course, the reconstruction
is also approximative. To answer this question, we give some preliminaries.
The following lemma is a revised version of Lemma 3 in [21, p. 151].
Lemma 4.1. Let {μk}k∈Z be a real discrete sequence such that∑
k∈Z
∣∣fˆ (μk)∣∣2  B‖f ‖2L2(I ), f ∈ L2(I ),
where I = [− r2 , r2 ]. If the real sequence {μ′k}k∈Z satisfies
sup
k∈Z
|μ′k − μk| α,
then for any f ∈ L2(I ), we have∑
k∈Z
∣∣fˆ (μ′k) − fˆ (μk)∣∣2  B(eπrα − 1)2‖f ‖2L2(I ). (4.1)
As done in Section 2, we let the polynomials P and Q be chosen as in Proposition 1.2 and ξ(x) be defined by (1.6)
such that {bk}k∈Z constitutes the real zeros of P(z) cosπrz + Q(z) sinπrz and ck satisfies (1.7) for k ∈ Z. Let
C(x, y) = (M + r)xy +
[
(M + r)
(
xy + 1
r
)] 1
2 (
eπry − 1), x, y > 0, (4.2)
where M = supx∈R |ξ(x)| is finite by Lemma 2.1. Then we have the following result about the exponential frame
perturbation.
Lemma 4.2. Suppose L,δ > 0 such that C(L, δ) < 1, where the function C is defined by (4.2). If c∗k > 0, b∗k ∈ R,
k ∈ Z, satisfy
|c∗k − ck| L|b∗k − bk| Lδ, k ∈ Z,
then {(c∗k )
1
2 ei2πb
∗
k x}k∈Z is a frame for L2(I ), and its frame operator S satisfies ‖Id −S‖ 3C(L, δ), where Id denotes
the identical operator on L2(I ).
Proof. By Proposition 1.2, {bk}k∈Z is discrete, then so is {b∗k }. By Lemma 2.1, {ck}k∈Z is bounded, so {c∗k } is also
bounded, and hence, the system {(c∗k )
1
2 ei2πb
∗
k x} is a Bessel sequence in L2(I ). Denote Fk(x) = (c∗k )
1
2 ei2πb
∗
k x
. For
every f ∈ L2(I ), by Minkowskii’s inequality,
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√∑
k∈Z
∣∣〈f,Ek〉L2(I )∣∣2 −√∑
k∈Z
∣∣〈f,Fk〉L2(I )∣∣2
∣∣∣∣∣
[∑
k∈Z
∣∣〈f,Ek〉L2(I ) − 〈f,Fk〉L2(I )∣∣2
] 1
2

√∑
k∈Z
∣∣1 −√c∗k/ck∣∣2∣∣〈f,Ek〉L2(I )∣∣2 +
√√√√√√∑
k∈Z
c∗k
∣∣∣∣∣
r
2∫
− r2
f (x)
(
e−i2πbkx − e−i2πb∗k x)dx∣∣∣∣∣
2
:= Δ1 + Δ2.
Since ∣∣1 −√c∗k/ck∣∣ ∣∣1 − (c∗k/ck)∣∣ (M + r)Lδ, for all k ∈ Z,
then we have
Δ1  (M + r)Lδ‖f ‖L2(I ). (4.3)
Observe that
∑
k∈Z
∣∣∣∣∣
r
2∫
− r2
f (x)e−i2πbkx dx
∣∣∣∣∣
2
 (M + r)‖f ‖2
L2(I ),
and for any k ∈ Z,
c∗k Lδ + ck  Lδ +
1
r
,
then, by Lemma 4.1, we have
∑
k∈Z
∣∣∣∣∣
r
2∫
− r2
f (x)
(
e−i2πbkx − e−i2πb∗k x)dx∣∣∣∣∣
2
 (M + r)(eπrδ − 1)2‖f ‖2
L2(I ).
Therefore,
Δ2 
[
(M + r)
(
Lδ + 1
r
)] 1
2 (
eπrδ − 1)‖f ‖L2(I ). (4.4)
Now by (4.3) and (4.4), we know that∣∣∣∣∣
√∑
k∈Z
∣∣〈f,Ek〉L2(I )∣∣2 −√∑
k∈Z
∣∣〈f,Fk〉L2(I )∣∣2
∣∣∣∣∣ C(L, δ)‖f ‖L2(I ), (4.5)
then we have(
1 − C(L, δ))2‖f ‖2
L2(I ) 
∑
k∈Z
∣∣〈f,Fk〉L2(I )∣∣2  (1 + C(L, δ))2‖f ‖2L2(I ),
which proves that {Fk} is a frame for L2(I ).
Since S is self-adjoint, we know that
‖Id − S‖ = sup
‖f ‖
L2(I )=1
∣∣〈(Id − S)f,f 〉
L2(I )
∣∣= sup
‖f ‖
L2(I )=1
∣∣∣∣∣∑
k∈Z
∣∣〈f,Ek〉L2(I )∣∣2 −∑
k∈Z
∣∣〈f,Fk〉L2(I )∣∣2
∣∣∣∣∣
 C(L, δ)
∣∣∣∣∣
√∑
k∈Z
∣∣〈f,Ek〉L2(I )∣∣2 +√∑
k∈Z
∣∣〈f,Fk〉L2(I )∣∣2
∣∣∣∣∣ 3C(L, δ),
which completes the proof. 
We are now ready to state our main result, which gives a positive answer to the question proposed in the beginning
of this section. Note that the notations stated in the last part of Section 1 are used in the following theorem.
366 Z. Shang, X. Zhou / Appl. Comput. Harmon. Anal. 22 (2007) 356–367Theorem 4.3. Let ϕ, ϕ˜ ∈ L2(R) with supp ϕˆ ∪ supp ˆ˜ϕ ⊂ I , such that {ϕj,k}j,k∈Z and {ϕ˜j,k}j,k∈Z form a dual pair of
frames for L2(R) with a common upper frame bound B . Then given any  > 0, there exist L,δ > 0 such that for each
pair of real sequences {b∗k }k∈Z and {c∗k }k∈Z satisfying c∗k > 0, k ∈ Z and
|c∗k − ck| L|b∗k − bk| Lδ, k ∈ Z,
the operator T defined by
Tf =
∑
j∈Z
∑
k∈Z
〈f,ϕ∗j,k〉ϕ˜∗j,k, f ∈ L2(R), (4.6)
is well defined and bounded linear on L2(R), where
ϕ∗j,k =
(
c∗k s
−1
j
) 1
2 ϕ
(
s−1j x − b∗k
)
, ϕ˜∗j,k =
(
c∗k s
−1
j
) 1
2 ϕ˜
(
s−1j x − b∗k
)
, j, k ∈ Z,
and for each f ∈ L2(R), we have
‖f − Tf ‖L2(R)  ‖f ‖L2(R).
Proof. Choose L,δ > 0 such that
C(L, δ) < min
{
1,
r
3B(M + r)
}
,
where C(x, y) is defined as in (4.2). By Lemma 2.3, we know that both ∑j∈Z |ϕˆ(sjω)|2 and ∑j∈Z | ˆ˜ϕ(sjω)|2 are
bounded by B(M+r)
r
. So, by Lemma 2.4, both {ϕ∗j,k} and {ϕ˜∗j,k} form Bessel sequences in L2(R). Hence the operator
T is well defined and is bounded linear on L2(R).
By Lemma 4.2, the sequence Fk(x) := (c∗k )
1
2 ei2πb
∗
k x , k ∈ Z, is a frame for L2(I ), and its frame operator S satisfies
‖Id − S‖ 3C(L, δ), where Id denotes the identical operator on L2(I ).
For every f ∈ L2(R), one can compute that
fˆ (ω) =
∑
j∈Z
(∑
k∈Z
〈
Ek(·), fˆ (·/sj )ϕˆ(·)
〉
L2(I )Ek(sjω)
)
ˆ˜ϕ(sjω) (4.7)
and
T̂f (ω) =
∑
j∈Z
(∑
k∈Z
〈
Fk(·), fˆ (·/sj )ϕˆ(·)
〉
L2(I )Fk(sjω)
)
ˆ˜ϕ(sjω). (4.8)
Put gj (·) = fˆ (·/sj )ϕˆ(·) for j ∈ Z, then we have∥∥(Id − T )f ∥∥2
L2(R) = ‖fˆ − T̂f ‖2L2(R)
=
∫
R
∣∣∣∣∣∑
j∈Z
(∑
k∈Z
〈Ek,gj 〉L2(I )Ek(sjω) −
∑
k∈Z
〈Fk,gj 〉l2(I )Fk(sjω)
)
ˆ˜ϕ(sjω)
∣∣∣∣∣
2
dω
=
∫
R
∣∣∣∣∣∑
j∈Z
[
(Id − S)gj
]
(sjω) ˆ˜ϕ(sjω)
∣∣∣∣∣
2
dω

∫
R
∑
j∈Z
∣∣[(Id − S)gj ](sjω)∣∣2χI (sjω)∑
j∈Z
∣∣ ˆ˜ϕ(sjω)∣∣2 dω
 B(M + r)
r
∑
j∈Z
s−1j
∫ ∣∣[(Id − S)gj ](ω)∣∣2 dω
I
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r
∑
j∈Z
s−1j
∥∥(Id − S)gj∥∥2L2(I )  9B(M + r)C2(L, δ)r ∑
j∈Z
s−1j ‖gj‖2L2(I )
= 9B(M + r)C
2(L, δ)
r
∫
R
∣∣fˆ (ω)∣∣2∑
j∈Z
∣∣ϕˆ(sjω)∣∣2 dω

[
3B(M + r)C2(L, δ)
r
]2
‖f ‖2
L2(R)  
2‖f ‖2
L2(R),
which completes the proof. 
Remark 4.1. Theorem 4.3 has very practical meanings. The functions ϕ∗j,k and ϕ˜∗j,k , j, k ∈ Z, are what we can get
in practice, and any function f ∈ L2(R) can be approximatively reconstructed by Tf , which is defined by (4.6).
Moreover, the reconstruction error can be arbitrarily small.
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